A one-dimensional analytical model is presented for calculating the longitudinal acoustic modes of idealized "dump-type" ramjet engines. The model contains the matching required to place an oscillating flame sheet in the interior of a combustion chamber with mean flow. The linear coupling of the acoustic and entropy waves at the inlet shock, flame sheet, and exit nozzle along with acoustic admittances at the inlet and exit are combined to determine the stability of the system as well as the acoustic modes. Since the acoustic and entropy waves travel at different velocities, the geometry is a critical factor in determining stability. Typical values of the admittances will produce damped solutions when the entropy is neglected, but, as the ratio of the entropy to acoustic fluctuations is increased, the coupling can either feed acoustic energy into or out of different modes independently. This transfer of energy has a destabilizing or stabilizing effect on the acoustic modes of the system depending upon the phase of the energy transfer.
Introduction
Renewed interest in ramjet engine applications has led to new efforts to study pressure oscillations (or combustion instabilities) in ramjet combustors. When pressure oscillations occur In ramjet combustion chambers, they usually fall into .two categories: low frequency oscillations and high frequency oscillations. The low frequency modes are associated with the longitudinal modes of the system and typically range from 50 to 600 Hertz. The high frequency oscillations are associated with the transverse and radial modes of the chamber and range from 2000 to 5000 Herb. Davi13 [1) found experimentally that for a test dump combustor the amplitudes of the high frequency modes was relatively small. This study deals with the low frequency modes. 1 Two recent experimental studies of combustion instabilities with flow visualization (Smith [2) and Davis [11) have indicated the flow out of a combustor may contain significant temperature fluctuations. In an attempt to predict the stability of these systems, the influence and importance of entropy has been studied. Specifically, the way in which entropy fluctuations influence the stability of oscillatory longitudinal acoustic modes of the combustor.
The linear coupling of acoustics with entropy can provide the mechanism through which energy transfer can influence stability. Three specific mechanisms of coupling are used in the combustor modeling. Chu (3)-16! developed a plane flame matching condition for a constant area normal deflagration. Marble and Candel [7] studied the reflectance of incident entropy waves as pressure waves from choked exit nozzles. Culick and Rogers [8) investigated the response of an oscillating inlet diffuser shock. Each of these analyses contain linear acoustic-entropy interactions and model acoustically compact processes that occur in typical dump ramjet combustor configurations. The stability of pressure oscillations is examined with coupling at the inlet entrance, at the mean flame location, and at the exit nozzle. Stability will be shown to be dependent on the phase of the entropy relative to pressure at each of the three coupling points. When the geometry produces "in phase" coupling, then driving will occur which can sometimes Overcome losses and result in linear instability. Similarly, "out of phase" coupling will remove energy from the oscillation.
Analysis
The low frequency, longitudinal acoustic modes are predominantly one-dimensional and are treated here in one-dimension only. The equations of motion in one-dimension, neglecting heat-conduction and dissipation are
Ut + UU. + 1PPz = 8, + us.,
where w, "" and q are mass, body fotce, and entropy sources. The sonic velocity is a.' = ../11l'l'. 
where the unprimed quantities are understood to be mean quantities. For constant area flows without distributed losses, the mean flow is uniform. When the time dependence is lIBsumed to be periodic, the general solution to 4-6 is given by
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The model geometry is given in Figure 1 . The inlet boundary is terminated upstream by an inlet reflectance and inlet acoustic-entropy interaction. The inlet boundary conditions can be either given or calculated from the inlet shock admittance theory of Culick and Rogers.\S] The inlet is a simple consta.nt area. channel connected to the combustor by an abrupt dumI plane. The combustor is divided into two sections of constant area channel that are coupled across a plane flame. The exit end of the combustor is terminated with a choked exit nozzle. Each of the boundaries and matching conditions are treated as acoustically compact due to the long wavelengths of the low frequencies.
Inlet Boundary Conditions
There are two components of the inlet boundary condition: an acoustic reflectance and an acoustic-entropy coupling relation. H the inlet reflectance (that is, the reflectance of & leftward traveling acoustic wave in the combustor at the inlet end of the combustor) is known, then it can simply be used. The inlet, however, may be a. dump plane, which is then connected to an inlet duct. The inlet duct may in turn be terminated with a choked inlet diffuser as in a missile application. 1n a connected pipe experiment, however, the inlet duct may be connected by another dump plane to a plenum 2 chamber and so on back upstream. Since this case is subsonic, it is not decoupled and is part of the acoustic system. It is the resonance of this system which is important.
The inlet duct is treated as an acoustic region and is coupled to the combustor acoustic region by match· ing conditions. Typically the matching condition a.t a dump plane is continuity of mass and pressure, while the expansion is treated as nearly isentropic. Thus the inlet boundary condition is replaced by matching conditions and an upstream inlet duct boundary condition. This process can be repeated until each acoustic element has been accounted for with matching conditions and a new boundary condition.
The specific geometries of interest are shown in Figure 1 . The first two are useful in analyzing experimental tests that are not terminated by an inlet diffuser shock. The third geometry is useful in analyzing actual applieations as well as experimental tests which have inlet shock waves. The shock wave plays an important role in defining the acoustic system because it clearly defines the upstream boundary. No acoustic waves can penetrate a shoek wave since the acoustic velocity is less than the flow entering the shock.
The shock wave also has characteristics which are significantly different from the geometry shown in Figure 1 (Geometrj 1) . The acoustic energy i6 not dissipated by the acoustic wall, plenum, plenum-inlet dump, inlet duct, and inlet-combustor dump of Geometry 1. No significant entropy fluctuation is generated upstream of the combustor in this geometry either. The inlet shock on the other hand, absorbs about ninety percent of the incident acoustic energy and generates an upstream fluctuating entropy. As a result, the s!lstem acoustics are significantly different.
Since these equations are linear, it is possible to define a reflectance at the combustor inlet that contains all of the upstream conditions. This is the procedure adopted here. H this is not done, then a more complex transcendental equation for the resonant frequencies must be solved, although the results are the same. The following sections develop the inlet conditions for Geometry 3 in Figure 1 which will be used in the combustor modeling.
Calculation of Reflectance
Calculate (J, = Pi I P 1 -and AI P 1 -for the geometry shown in Figure 2 . The inlet shock, diffuser, inlet duct, and inlet-combustor dump plane a.re used to determine the combustor inlet reflectance PI and entropy
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The shock reflectance can be calculated from the shock admittance which is calculated from the linear results of Culick and Rogers: o _ 1 + A~H _ Pt e-II:,.,
The shock refiectance is given for the shock location at z = O. The exponential terms in (above) contain the correction for the shock located at x = -Xo rather than x = O. The matching at z = -LI is determined 
P2 8, This form of mass continuity requires that the fluctuating entropy not change across the dump plane. (This is the same approximation as used above.) Let
'" AI Substitute ~ from the standard equations for isentropic expansion.
Entropy Generation at Shock
The linear shock position is given by :.c, = -x, + r, from Culick and Rogers [8}
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3 where all terms are calculated at the mean shock location. Here, S represents the area. at the shock. From the previou~ reflectance calculations we find
To determine the fluctuating entropy wave generated at the oscillating shock in a polytropic gas (i.e. s ::::; c~ In(P/p1)), look at the shock wave in terms of the strength parameter Z (Ref. Whitham "Linear and Nonlinear Waves" [9))
where the subscript 1 is for entering the shock wave and 2 is for leaving the shock. M is the mach number of the flow ahead of the shock relative to the shock.
Consider the shock strength, Z, where PI is the mean pressure upstream of the shock and P, is the mean pressure downstream of the shock. Assume the inlet flow into the shock is uniform (i.e. PI ::::; Plo).
For longer wavelengths (low frequencies) treat P(x, t) as approximately P(f,t) where x::::; f+31. As long as x' is small then the mean pressure at x = z' + f can be expressed in a Taylor series expansion about z == If.
Define Z' so z (28) and Z == Return to the inlet notation to get where
and P up • t is the mean pressure upstream of the shock.
After rearrangement and the expansion of In(l + x)
Then, assuming the expansion in the diffuser from the shock to the inlet duct is isentropic, it can be shown that (35) where
The result here is tha.t a.n inlet shock, inlet duct, and dump plane ha.ve been reduced to boundary conditions applied at the upstream end of the combustor channel. The boundary conditions are given by 20 and 34. Reducing these components of the inlet to combustor boundary conditions will simplify the characteristic equation for the resonant frequencies. To avoid confusion we call the reflectance a condensed reflectance when it contains more than just a reflectance and is generally applied at a position other than where the original reflectance occurred. The procedure of this section compresses again the already condensed inlet reflectance at the upstteam end of the combustor, /31, the section of the combustor upstream of the flame, and the flame matching conditions to a new combustor refiectance, PI/lam .. applied a.t x = x/.
Combustor Modeling
This sets the boundaries for the combustor to be used 4 in the frequency calculation of the next section. The application of the condensed reflectance does not influence the generality of the linear formulation.
Exit Nozzle Boundary Conditions
The exit boundary conditions require special mention. Often, combustion chambers are terminated by choked nozzles. Marble and Candel [71 showed that incident entropy waves impinging on a choked nozzle would reflect a pressure wave. Hence, a choked exit nozzle has an entropy reflectance as well as an acoustic reflectance. These are linearized results and thus it is proper simply to add the reflected pressure waves. Therefore, 
c,PThese definitions assume that the acoustic exit reflectance (defined at z = 0). f3E. does not vanish. In the case where the acoustic exit reflectance vanishes it would be necessary to return to 40 and formulate an expression independent of P+.
Linear Frequency Calculation
The previous sections reduce the inlet with the inlet shock, the dump plane, and the plane flame to a single set of boundary conditions for the inlet to the combustor. Eliminate P 2 + and P 2 - The solution of the equations of acoustics and entropy can be shown to have two distinct modes. These are the classical acoustics mode of acoustic oscillation and the entropy mode of acoustic QScillation. These modes are not discussed in detail here but it is worthy to mention the eigenvalue problem posed contains both modes of oscillation. Hence, the eigenfunctions will contain the standard classical acoustic modes as well as others which a.re not explained within the context of classical acoustics.
Results of Linear Analysis
Four cases are chosen to illustrate physical processes and are identified by Run n, where n is I, 2, 3, or 4. Run 1 studies the response of the flame to upstream entropy fluctuations. Runs 1-3 all treat the upstream entropy as an input parameter. Run 2 studies the stability of a combustor with no Hame but upstream fluctuating entropy and exit entropy reflectance. Run 3 combines the exit entropy reflectance and the plane flame. Again, the upstream entropy is parametrically varied in the stability study. Run 4 uses the linear inlet shock theory to determine the upstream acoustic· entropy coupling. Define the notation that H =~.
(48) c,P 1 -A summary of the mean flow conditions is given for each run in Table 1 .
Run 1 -Response of Flame to Entropy
Run 1 uses typical values for the flame conditions but has all acoustic reflectances set to 2lero. This simu~ lates a flame in an infinit.e medium where no acoUStic reflectances are present. If a constant fluctuating entropy is generated upstream proportional to the pressure, then the flame will respond so as to reflect and transmit a pressure wave as well as transmit an entropy wa.ve. Thus, the only neutrally stable value of )( (which is the .ratio of the magnitude of the entropy wave aver the reflected pressure wave) is the one which produces a stable oscillation. A neutrally stable wave has a zero growth rate, 01 = O. This value of )( 5 was found to be 3.202 (Tables 2 and 3 Tables 4 and 5 .
There is a definite selection of frequencies that become unstable while others become more stable for increasing values of )(. The first unstable frequencies are 176, 527,879 Hz and become unstable for )( > .50 (at )( = .50, 01 ~ -.26). The selection offrequencies to become unstable is determined by the phase of the entropy at the exit nozzle relative to the acoustic pressure.
Run 3 -Study of )I with Flame
Run 3 takes a typical combustor with an acoustic wall for an inlei and a ftametemperature ratio of 4 to study the effects on stability of apiane flame for various values of )(. The exit nozzle haa acoustic and entropy reIlectances with acoustic losses. The eigenvalues were calculated for each )( aad are given in Table 6 . The first frequency that is observed to become unstable is 705 Hz for )( > .475. Other frequencies to become unstable for larger )( are 977, 422,and232 H#. The selection of driven freqnenc.1es involves the phase Telationships between entropy and pressure at the inlet, flame, and exit. All three locations contribute to the stability and have to be considered together to get the stability of eaclt mode. Figure" shows the pressure and entropy magnitude mode shape and phase distri· bution for the frequency 705 H #. It can be seen from these plots that there is some conversion of energy in the entropy fluctuations to acoustic energy at the Hame. This conversion of energy at the flame is one source of driving and is a function of frequency and local pressure.
Run 4 -Study }I with an Inlet Shock
Run 4 uses the linear shock theory applied to an inlet duct terminated by an inlet shock to determine the value of the combustor reflectance at :z; "" o. The intent is to approxima.te a realistic combustor inlet configuration. The value of)( is given as a. function of the inlet shock and frequency. The resonant frequencies contain both acoustic and entropy modes and are given in Table 7 . From Runs 2 and 3, we find that the magnitude of )l is sufficient to drive the system more vigorously than the decay rates in Table 7 would imply. This suggests that the driving is "out-of-phase" in this case. However, the magnitude of the inlet acoustic reflectance is :::s 2/3 where in Runs 2 and 3 it was 1. The shock provides significant damping. Changes in )l and fh (at x = 0) are studied by changing the inlet length. The resonant frequencies are solved for different inlet lengths and given in Table 8 . This particular choice of inlet lengths shows that the eigenvalues are dependent on geometry and frequency. But the driving is never sufficient to push the system into instability. This implies that the linear oscillating shock does not provide a sufficiently large entropy fluctuations to force instability. Figures 5  and 6 show the pressure and entropy magnitude mode shapes and phase distributions for two cases. Figure  5 shows an acoustic mode in which acoustic energy is converted to entropy fluctuations at the flame. Figure  6 shows an entropy mode case where acoustic energy is gained at the flame by reducing the magnitude of the entropy fluctuations.
Summary and Conclusions
The linear stability of acoustics with entropy is strongly a function of the entropy even for cases where the frequencies are only slightly modified. The boundary conditions are extremely important and can significantly alter both the stability and the frequencies of oscillation. The application of an inlet shock to the entropy coupling at the inlet is derived and shown to be insufficient to drive the system under the current geometry. It is believed that this is due to an underestimation of the oscillating heat release at the plane flame. It is suggested that the plane flame matching condition be used to develop a variable area multi-dimensional flame sheet. This could greatly enhance the driving at the flame. Then the results with enhanced heat release can be applied to the oD~dimensjona.l acoustics.
The differences between acoustic and entropy modes are significant (see Figures 5 and 6 ). In general, the entropy alters the growth rate more than the frequency. The dependence of frequency upon entropy is more 6 pronounced for the entropy modes than for the acoustic modes. 
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